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UNBOUNDED DISJOINTNESS PRESERVING LINEAR
FUNCTIONALS AND OPERATORS
ANTON R. SCHEP
Abstract. Let E and F be Banach lattices. We show first that the dis-
jointness preserving linear functionals separate the points of any infinite di-
mensional Banach lattice E, which shows that in this case the unbounded
disjointness operators from E → F separate the points of E. Then we show
that every disjointness preserving operator T : E → F is norm bounded on
an order dense ideal. In case E has order continuous norm, this implies that
that every unbounded disjointness preserving map T : E → F has a unique
decomposition T = R+S, where R is a bounded disjointness preserving oper-
ator and S is an unbounded disjointness preserving operator, which is zero on
a norm dense ideal. For the case that E = C(X), with X a compact Hausdorff
space, we show that every disjointness preserving operator T : C(X) → F is
norm bounded on an norm dense sublattice algebra of C(X), which leads then
to a decomposition of T into a bounded disjointness operator and a finite sum
of unbounded disjointness preserving operators, which are zero on order dense
ideals.
1. Introduction.
The topic of automatic continuity of linear operators having additional structure
has been studied studied in many contexts. Most famous is probably the cumulative
result of Dales, Esterle, and Woodin (see [5]), who showed that there are models
of ZFC in which every algebra homomorphism between certain Banach algebras is
automatically continuous and assuming ZFC with AC (i.e., the continuum hypoth-
esis) that there exist discontinuous algebra isomorphisms. One way one can then
proceed is to weaken the condition of being an algebra homomorphism. This has
be done for what sometimes are called separating maps, i.e., a linear mapping T
between algebras is called separating if T (a)T (b) = 0, whenever ab = 0 (see e.g.
[7] ). If we restrict ourselves to algebras of continuous functions, then this condi-
tion is equivalent to the condition that T is a disjointness preserving map. In this
context set theoretic models don’t play a role anymore. The first explicit construc-
tion of an unbounded disjointness preserving functional seems to be in the paper
by Abramovich ([1]). He showed that unbounded disjointness preserving function-
als exist on C(K), where K is an infinite compact Hausdorff space. It follows
from a result of de Pagter ( [6]) that in fact there exist unbounded disjoint linear
functionals on any infinite dimensional Banach lattice. All these constructions es-
sentially consist of constructing prime ideals, which are not maximal. Brown and
Wong [4] made a detailed study of unbounded disjointness linear functionals on
spaces C(K), but were apparently not aware of de Pagter’s paper ( [6]). As all
examples of unbounded disjointness preserving operators use unbounded disjoint-
ness preserving functionals, we will make first a systematic study of unbounded
disjointness preserving functionals, generalizing the results of Brown and Wong
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[4]. Our approach was inspired by the paper of Abramovich and Lipecki [2],but
our emphasis is different. They were concerned with the cardinality of the set of
non-order bounded disjointness preserving linear functionals, while we study here
the separating properties of the disjointness preserving linear functionals. Next we
study norm unbounded disjointness preserving operators. We show that every dis-
jointness preserving operator T from a Banach lattice E into a Banach lattice F is
norm bounded on an order dense ideal. This implies that in that case there exists
a norm closed, order dense ideal IT in E such that the restriction T|IT of T can
be written as a sum R+ S, where R is a bounded disjointness preserving operator
from IT to F and S is an unbounded disjointness preserving operator from IT to
F , which is zero on a order dense ideal in IT . In case E has order continuous norm,
we have then such a decomposition on E, as obviously IT = E. Then, following
the ideas of the Bade and Curtis theorem for algebra homomorphism as given in
[5], we find in the case that E has a strong unit more detailed information on the
“purely unbounded” part S of T .
2. Unbounded disjointness preserving linear functionals.
In this section we use the observation of de Pagter [6] (Proof of Theorem 10)
that whenever M is proper prime ideal and x /∈M , then there exist a disjointness
preserving φ on E such that φ(x) = 1 and M ⊂ ker(φ). In case the prime ideal
has infinite co-dimension in E, then the disjointness preserving functional φ can
be chosen to be not order bounded. To construct prime ideals with some desired
properties we will use repeatedly the Prime ideal Separation Theorem for Riesz
spaces, due to Wim Luxemburg. Recall first from [8] the notion of a filter in a
Riesz space. A subset F of a Riesz space E is called a filter if
(1) F 6= ∅,
(2) 0 /∈ F , and f ∈ F if and only if |f | ∈ F ,
(3) If 0 ≤ u, v ∈ F , then u ∧ v ∈ F .
(4) 0 < u ≤ v, u ∈ F implies that v ∈ F .
We now state the Prime ideal Separation Theorem for Riesz spaces. In [8, Theorem
76.3] the corresponding theorem for distributive lattices is stated explicitly and
proved in detail. Then the actual theorem for Riesz spaces is only mentioned in a
remark. We will include for completeness the proof, which is essentially the same
as [8, Theorem 76.2(i)].
Theorem 2.1 (Prime Ideal Extension Theorem). Let E be a Riesz space, M an
ideal in E and F a filter such that M ∩ F = ∅. Then there exists a prime ideal
M0 ⊃M such that M0 ∩ F .
Proof. By Zorn’s Lemma there exist an ideal maximal with respect to the properties
that M0 ⊃ M and M0 ∩ F = ∅. We need to show that M0 is prime. To this end
let y, z ∈ E such that y ∧ z = 0 and assume y, z /∈ M0. Then (M0 ∨ Ay) ∩ F 6= ∅,
so there exist 0 ≤ m1 ∈ M0 and 0 ≤ y1 ∈ Ay such that m1 ∨ y1 ∈ F . Similarly
there exist 0 ≤ m2 ∈ M0 and 0 ≤ z1 ∈ Az such that m2 ∨ z1 ∈ F . Let m =
m1 ∨m2. Then m ∈ M0 and m ∨ y1,m ∨ z1 ∈ F . Now y1 ∧ z1 = 0 implies that
m = m ∨ (y1 ∧ z1) = (m ∨ y1) ∧ (m ∨ z1) and thus m ∈ F . This is a contradiction
and thus either y ∈M0 or z ∈M0. It follows that M0 is prime. 
Theorem 2.2. Let E be a non-zero Archimedean Riesz space. Then for all 0 6= u ∈
E there exists a disjointness preserving linear functional on E such that φ(u) = 1.
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Proof. Let 0 6= u ∈ E. We need to consider two cases. Assume first that the
dimension of the principal ideal Au = {x ∈ E : |x| ≤ λu} generated by u is of finite
dimension. Then there exist atoms e1, · · · , en such that u =
∑n
k=1 ek. Moreover
E = Au ⊕ {u}d. If v ∈ Au, then v can be uniquely written as
∑
k=1 αkek. Define
φ(v) = α1 and extend φ to E by defining φ = 0 on {u}d. Clearly φ is now a
disjointness preserving functional such that φ(u) = 1. Next we consider the case
that Au is infinite dimensional. In that case there exist non-zero disjoint un such
that 0 < un ≤ u. Define
F = {x ∈ E : |x| ≥ un for all n ≥ Nx}.
Then F is a filter in E and F ∩M = ∅, whereM = {x ∈ E : |x| ≤ λ(u1+ · · ·+un)}
is the ideal generated by the un’s. By the Prime ideal Extension theorem there
exists a prime ideal M0 ⊃ M such that M0 ∩ F = ∅. As u /∈ M0, there exists a
disjointness preserving functional φ with φ(u) = 1. 
Remark 1. The idea of the above proof comes from the proof of Theorem 4 of [2].
There the ideal and filter were lifted into the lattice of ideals of E and then the
prime ideal separation theorem was applied in that setting. As the above proofs
show, it is actually simpler to do this directly in the Riesz space setting.
In case 1 of the above proof the disjointness preserving linear functional is au-
tomatically order bounded (and norm bounded if E is a normed Riesz space), but
even in case 2 this can happen as the following example illustrates.
Example 1. Let E = c00 + R(1, 1, · · · ) = {x = (xn) : xn = c for all n ≥ Nx}.
Then φn(x) = xn and φ∞(x) = limxn are disjointness preserving linear functionals
on E and every disjointness preserving linear functional on E is of the form cφn or
cφ∞, for some real constant c. Note that in this case the principal ideal generated
by (1, 1, · · · ) is infinite dimensional.
In this paper we are concerned about the existence of non-order bounded disjoint-
ness preserving linear functionals, and thus norm unbounded in case of a normed
Riesz space. To this end we observe that a disjointness preserving functional φ on
E is order bounded if and only if for all 0 ≤ v ≤ u we have that |φ(v)| ≤ |φ(u)|.
Theorem 2.3. Let E be a relative uniformly complete Riesz space. Then for all
x ∈ E such that the principal ideal A|x| is infinite dimensional, there exists a non-
order bounded disjointness preserving φ such that φ(x) = 1.
Proof. Let x0 > 0 such that Ax0 is infinite dimensional. Then there exist disjoint
non-zero 0 ≤ xn ≤ x0 for all n ≥ 1. Let yn =
xn
2n . Then the series
∑
yn converges
uniformly to some y with 0 ≤ y ≤ x0. Let M be the ideal generated by the yn’s.
The filter F is now defined as above, i.e., F = {x ∈ E : |x| ≥ yn for all n ≥ Nx}.
In particular y ∈ F and cx0 ∈ F for all c > 0. Then again we have M ∩ F = ∅,
so by the the Prime ideal Separation Theorem there exists a prime ideal M0 ⊃ M
such that M0 ∩F = ∅. denote by [x] the equivalence class of x in E/M0. We claim
now [x0] and [x0 + y] are linearly independent. If not, then there exist c ∈ R and
z ∈M0 such that cx0+(x0+ y) = z, so (c− 1)x0+ y = z. This implies c 6= 1, since
otherwise y = z ∈M0 ∩ F = ∅. Now c 6= 0 implies that there exists N such that
∞∑
n=N
yn ≤
|c− 1|
2
x0.
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Let z0 = z −
∑N
n=1 yn. Then z0 ∈M0 and
|z0| ≥ |c− 1|x0 −
∞∑
n=N
yn ≥
|c− 1|
2
x0.
This shows that z0 ∈ F , which contradicts M0 ∩ F = ∅ Hence there exists a
disjointness preserving linear functional φ with φ(x0) = 1 and φ(x0 + y) = 0. Since
0 ≤ x0 ≤ x0 + y0, this implies that φ is non-order bounded. 
The following corollary was proved for c0 by Brown and Wong [4] using com-
pletely different methods.
Corollary 2.4. For each sequence x in c0 (or ℓp with 1 ≤ p ≤ ∞) which is not
eventually null, there is an unbounded disjointness preserving linear functional φ
on c0 (or ℓp) such that φ(x) = 1.
It was shown by de Pagter [6] that every non-order bounded disjointness pre-
serving linear map is order bounded on an order dense ideal. We refine this result
for non-order bounded disjointness linear functionals.
Theorem 2.5. Let E be an Archimedean Riesz space and assume φ is a non-order
bounded disjointness preserving linear functional on E. Then φ is zero on an order
dense prime ideal.
Proof. Let φ be a non-order bounded disjointness preserving linear functional on
E. Denote by U = {u : u ≥ 0, Au is infinite dimensional , φ(x) = 0 for all x ∈ Au}.
To show that U 6= ∅, observe first that if un (n = 1, 2, · · · ) are non-zero disjoint
elements in E, then φ(un) 6= 0 for at most one n. Let now 0 < u ∈ E such that
Au is infinite dimensional. Note such u exist, otherwise φ would be order bounded.
Then there exist disjoint 0 < vn ≤ u (n = 1, 2, · · · ). We claim there exists an n
such that φ is zero on Avn . If not, there exist xn ∈ Avn such that φ(xn) 6= 0 for
all n ≥ 1. This contradicts the observation that all but one of the φ(xn) = 0. Let
now I = {x : |x| ≤ C(u1 + · · · + un), ui ∈ U} denote the ideal generated by all
the u ∈ U . Then φ is zero on I. Next we need to show that I is order dense. If
Id is infinite dimensional, then as above we can find a non-zero principal ideal in
Id such that φ = 0 on that principal ideal. This contradicts the definition of I.
Therefore Id is finite dimensional. If the dimension of Id is greater or equal to 1,
then the restriction of φ to Id is a non-zero order bounded disjointness preserving
linear functional. Then φ is equal to zero on Idd and thus φ is order bounded on
E. This contradiction shows that Id = {0} and thus I is order dense. Remains to
show that I is prime. Let x, y ∈ E and assume x ∧ y = 0. Then either φ(x) = 0
or φ(y) = 0. Assume φ(x) = 0 and x /∈ I. Then there exists 0 < z ∈ Ax such that
φ(z) 6= 0. if now 0 < w ∈ Ay, then z ∧ w = 0. This implies φ(w) = 0, as φ(z) 6= 0,
Hence Ay ⊂ I and thus y ∈ I. This shows that I is prime. 
We conclude this section with an extension theorem for disjointness preserving
functionals.
Theorem 2.6. Let E be an Archimedean Riesz space. Let 0 < x ∈ E and assume
ψ : Ax → R is an order bounded disjointness preserving linear functional. Then
there exists a disjointness preserving linear functional φ : E → R such that φ|Ax =
ψ.
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Proof. Without loss of generality we can assume that ψ(x) = 1. Define then M =
{y ∈ Ax : ψ(y) = 0} and F = {y ∈ E : |y| ≥ x}. Then M is an ideal in E, F is
a filter in F and M ∩ F = ∅. By the prime ideal extension theorem there exists
a prime ideal M0 ⊃ M such that M0 ∩ F = ∅. Hence there exists a disjointness
preserving linear functional φ : E → R such that φ is zero on M0 and φ(x) = 1.
Now φ|Ax is zero on M implies that there exists a constant c such that φ|Ax = cψ.
Evaluating both sides of this equation at x we see that c = 1 and the proof is
complete.

Remark 2. We note that the extension φ is no longer order bounded in many cases.
E.g. If E = L2[0, 1] w.r.t. Lebesgue measure and x is the function identical one
on [0, 1], then there exists a positive disjointness preserving linear functional ψ on
Ax = L∞[0, 1] corresponding to the delta functional at 0. As there exist no order
bounded disjointness linear functionals on E, the extension φ of ψ, given by the
above theorem, can’t be order bounded.
3. Unbounded disjointness preserving operators on Banach lattices
Let E and F be Banach lattice and T : E → F be a disjointness preserving
operator. Then T is norm (and thus order) bounded if and only if ‖T (v)‖ ≤
‖T (u)‖ for all |v| ≤ |u|. For unbounded disjointness preserving T we still have
some inequality in the following situation.
Lemma 3.1. Let E and F be Banach lattice and T : E → F be a disjointness
preserving operator. If u = v + w and v ⊥ w, then ‖T (v)‖ ≤ ‖T (u)‖.
Proof. Let u = v + w and v ⊥ w. Then Tv ⊥ Tw, so |Tu| = |Tv| + |Tw| implies
that ‖Tv‖ ≤ ‖Tu‖.

The following theorem is the analog of the Main Boundedness Theorem of Bade
and Curtis ([3]) in their study of unbounded algebra homomorphisms (see also [5,
Theorem 1.3]).
Theorem 3.2. Let E and F be Banach lattices and assume T : E → F is a linear
disjointness preserving operator. Then for all disjoint sequences un in E, there
exists a constant C such that ‖T (un)‖ ≤ C‖un‖.
Proof. Let un be disjoint elements in E with ‖un‖ ≤ 1. Assume there is no C such
that ‖T (un)‖ ≤ C for all n. Then by passing to a subsequence we can assume that
‖T (un)‖ ≥ 4n. Let u =
∑∞
n=1
un
2n . Then
un
2n ⊥
∑
k 6=n
uk
2k
implies that ‖T (u)‖ ≥
‖T (un2n )‖ ≥ 2
n for all n, which is a contradiction. 
The proof of the following theorem uses the above theorem repeatedly.
Theorem 3.3. Let E and F be Banach lattices and assume T : E → F is a linear
disjointness preserving operator. Then T is norm bounded on an order dense ideal
ET .
Proof. Let 0 ≤ un be a disjoint collection of elements. Then it follows from the
above theorem that the restriction T|Aun of T to the principal ideal Aun is bounded
for all but finitely many n. Moreover by the same theorem ‖T|Aun ‖ is uniformly
bounded for all the n such that T|Aun is bounded. Let now U be a maximal disjoint
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set of 0 < u ∈ E such that T|Au is bounded. Let ET denote the ideal generated
by u ∈ U . Again by the above theorem and the maximality of U it follows that
EdT = {0}. Remains to show that T is norm bounded on ET . Assume to the
contrary that there exist 0 ≤ xn ∈ ET with ‖xn‖ ≤ 1 such that ‖Txn‖ → ∞ as
n→∞. We will construct a disjoint sequence {wn} in ET with the same properties.
We take w1 = x1. Now 0 ≤ w1 ≤ c1u1, where u1 is a finite supremum of elements
of U . For n ≥ 2 we can now find un, again finite suprema of elements of U , disjoint
with u1, and cn, dn such that 0 ≤ xn ≤ cnu1+dnun. Hence for all n ≥ 2 we can write
xn = yn + zn, where 0 ≤ yn ≤ cnu1 and 0 ≤ zn ≤ dnun. Now ‖Tyn‖ ≤ ‖T|Au1
‖
for all n ≥ 2 implies that ‖Tzn‖ → ∞. Let w2 = zk, where ‖Tzk‖ ≥ 2. Note
w1 ⊥ w2. Now repeat this construction with the sequence {w1 + w2, z3, · · · }. As
‖Tzn|| → ∞ we can split as above the zn for n ≥ 3. Continuing this way we end
up with a disjoint sequence wn with ‖wn‖ ≤ 1 and ‖Twk‖ ≥ k for all k ≥ 2, which
contradicts the above theorem. Hence T is bounded on ET . 
Remark 3. It was proved in [6], in a more general context, that every disjointness
preserving linear map is order bounded on an order dense ideal. The above corollary
does however not follow from this, as the dense order ideal is in general not norm
complete. In fact it is a consequence of the above corollary that every disjointness
preserving operator T is order bounded on the order dense ideal ET .
Theorem 3.4. Let E and F be Banach lattices and let T : E → F be a linear
disjointness preserving operator. Then then there exists an order dense closed ideal
IT in E such that the restriction T|IT of T to IT can be written as T = R+S, where
R is a bounded disjointness preserving operator on IT with T = R on ET and S is
a disjointness preserving operator on IT such that S = 0 on ET . Moreover the R
and S are uniquely determined by these properties.
Proof. By the above proof T is norm bounded on the order dense ideal ET . Let IT
be the norm closure of ET in E. Then T|ET has a unique norm bounded extension
R defined on IT . Let S = T −R on IT . Then we need to show that S is disjointness
preserving. Assume first that f ∈ ET and g ∈ IT such that f ⊥ g. Then Rf ⊥ Rg
and Tf ⊥ Tg. As Rf = Tf this implies that Tf ⊥ Tg − Rg = Sg. Assume now
f, g ∈ IT such that f ⊥ g. Then we can find fn ∈ ET with |fn| ≤ |f | such that
fn → f in norm. Now fn ⊥ g implies that Rfn = Tfn ⊥ Sg for all n and by
continuity it follows that Rf ⊥ Sg. By symmetry we also get Sf ⊥ Rg. Now
|Sf | ∧ |Sg| = |Tf − Rf | ∧ |Sg| = |Tf | ∧ |Sg| = |Tf | ∧ |Sg − Tg| = |Tf | ∧ |Rg| =
|Tf − Rf | ∧ |Rg| = |Sf | ∧ |Rg| = 0. Hence S is disjointness preserving. To prove
uniqueness assume that also T = R1 + S1, where R1 is a bounded disjointness
preserving operator on IT with T = R1 on ET and S1 is a disjointness preserving
operator on IT such that S1 = 0 on ET . Then S−S1 = R1−R is bounded operator
on IT , which is zero on the norm dense ideal ET . Hence S = S1 on IT , which proves
the uniqueness.

In case E has order continuous norm, then ET is norm dense in E, so that
IT = E. Hence we have the following corollary.
Corollary 3.5. Let E and F be Banach lattices and assume E has order continuous
norm. Let T : E → F be a linear disjointness preserving operator. Then T = R+S,
where R is a bounded disjointness preserving operator on E with T = R on ET and
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S is a disjointness preserving operator on E such that S = 0 on ET . Moreover the
R and S are uniquely determined by these properties.
Remark 4. The above theorem reduces the study of non-bounded disjointness pre-
serving operators to those who are zero on a norm dense ideal. A first result is the
following proposition.
Proposition 3.6. Let E and F be Banach lattices and assume E has order con-
tinuous norm. Let T : E → F be a linear disjointness preserving operator such that
T = 0 on an order dense ideal. Then for all disjoint sequences {un} in E+ we have
that Tun = 0 except at most finitely many n.
Proof. Let 0 < un be disjoint elements in E. Then by the argument of the above
corollary we have that the restriction T|Aun of T to the principal ideal Aun is
bounded for all but finitely many n. As T is zero on an order dense ideal in E, this
implies that T|Aun is zero for all but finitely many n. 
Remark 5. An inspection of the last proof shows that with a modification we have
a much stronger conclusion. If T and un are as in the proposition, then T|
{un}dd
= 0
except at most finitely many n.
4. Unbounded disjointness preserving operators on C(X) spaces
In this sectionX will denote a compact Hausdorff space. For x ∈ X we denote by
Nx the collection of open neighborhoods of x. We first state a topological lemma.
For the elementary proof, see the discussion at the bottom of page 10 of [5]
Lemma 4.1. Let X be a regular topological space and {xn} a sequence of distinct
elements in X. Then there exist disjoint Un ∈ Nxn .
As every compact Hausdorff is completely regular, the above lemma holds for
compact Hausdorff spaces. For an open subset U of X we associate the closed
lattice and algebra ideal KU of C(X) determined by U
c, i.e., KU = {f ∈ C(X) :
f(x) = 0 for all x ∈ U c}. Similar to [5] we now introduce the singular points of a
disjointness preserving operator T : C(X)→ F , where F is a Banach lattice.
Definition 4.2. A point x ∈ X is called a singularity point of a disjointness
preserving operator T : C(X) → F if for all U ∈ Nx the operator T|KU : KU → F
is discontinuous.
We denote by FT the set of all singularity points of T and we will call this set the
singularity set of T . We introduce two additional notations. For x ∈ X we denote
by Mx the maximal ideal determined by {x}, i.e., Mx = {f ∈ C(X) : f(x) = 0}
and by Jx the lattice and algebraic ideal of all f ∈ C(X), which vanish on some
open neighborhood of x. Note that the uniform closure of Jx equals Mx and that
Jx is order dense in C(X) for any non-isolated x ∈ X . Moreover Jx a lattice and
algebraic prime ideal in C(X) for any non-isolated x ∈ X . If Y ⊂ X we will denote
by JY the set of all f ∈ C(X) which vanish on a neighborhood of Y . The following
theorem is the main result of this section. It generalizes the structure theorem of
algebra homomorphisms of Bade-Curtis ([3]).
Theorem 4.3. Let X be a compact Hausdorff space, F be a Banach lattice and
T : C(X)→ F a disjointness preserving operator. Then the following hold.
(1) The singularity set FT = ∅ if and only if T is continuous.
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(2) The singularity set FT is a finite set.
Assume now that the singularity set FT 6= ∅ and that FT = {x1, . . . , xn}.
(3) There exist a continuous disjointness preserving operator R : C(X) → F
and disjointness preserving operators Si : C(X) → F (1 ≤ i ≤ n) such
that T = R + S1 + . . . Sn. Moreover Si|Mxi
6= 0 and Si|Jxi
= 0 for each
1 ≤ i ≤ n.
Proof. For the proof of (1) it is clear that if T is continuous, then FT = ∅.
Conversely, if FT = ∅, then for all x ∈ X there exists Ux ∈ Nx such that
T|KUx
: KUx → F is continuous. By compactness of X there exists a finite open
cover { Uxi : 1 ≤ i ≤ n} of X such that T|KUxi
: KUxi → F is continuous for each
i. Using now a partition of unity subordinate to this open cover we conclude that
T is continuous. To prove (2) assume that FT is infinite. Then using Lemma 4.1
we can find a sequence xn ∈ FT and Un ∈ Nxn such that Un ∩ Um = ∅ for all
n 6= m. Since T|KUn
: KUn → F is discontinuous, we can find fn ∈ KUn such that
‖Tfn‖ ≥ n‖fn‖ for all n. As fn ⊥ fm for all n 6= m this contradicts the main
boundedness theorem Theorem 3.2. For the proof of (3) we first prove that for all
x ∈ FT there exists Ux ∈ Nx such that T|KUx∩Jx
is continuous. If this is not the
case, we can find by induction Vn ∈ Nx, fn ∈ Jx such that fn ∈ KVn , fi(Vn+1) = 0
for 1 ≤ i ≤ n, and ‖Tfn‖ ≥ n‖fn‖. This contradicts the main boundedness the-
orem Theorem 3.2. Applying this observation to FT = {x1, . . . , xn} we can find
open Uk such that T|KUk∩J(FT )
is continuous for 1 ≤ k ≤ n. For each x ∈ X \ FT
we can find an open set V such that T|KV is continuous. Using the compactness of
X we can therefore find a open cover consisting of the Uk’s and finitely many Vi
such that T|KUk ∩J(FT )
is continuous for each k and T|KVi∩J(FT )
is continuous for
each i. Using then partition of unity argument we see that T|J(F) is continuous.
Let B denote the set {f ∈ C(X) : f − f(xi)1 ∈ Jxi}, i.e., f ∈ B if f is constant in
a neighborhood of each xi ∈ FT . It follows that B is lattice sub-algebra of C(X),
which is dense in C(X) by the Stone-Weierstrass theorem. As in the proof of the
Bade-Curtis structure theorem as given in [5] we can show that T is bounded on
B. Let R : C(X)→ F denote the continuous extension of T|B . Then R is bounded
disjointness preserving operator on C(X), which extends T|J(FT ) . Therefore if we
define S = T −R, then S|J(FT ) = 0. It follows now as in the proof of Theorem 3.4
that S|
J(FT )
is disjointness preserving. To define the Si find disjoint open neigh-
borhoods Wi ∈ Nxi , ei ∈ KWi such that ‖ei‖ = 1 and ei(x) = 1 on a neighborhood
of xi. Define then Si(f) = S(fei) for 1 ≤ i ≤ n. From 1 −
∑n
i=1 ei ∈ J(FT ) it
follows that f −
∑n
i=1 fei ∈ J(FT ) for all f ∈ C(X). Hence S(f −
∑n
i=1 fei) = 0,
i.e., Sf =
∑n
i=1 Si(f) for all f ∈ C(X). To prove that Si is disjointness preserving,
assume f ⊥ G in C(X). Then at least one of f(xi) and g(xi) must be equal to zero.
If both are equal to zero, then f, g ∈Mxi = Jxi . This implies that fei, gei ∈ J(FT ).
Then fei ⊥ gei implies that S(fei) ⊥ S(gei), i.e., Si(f) ⊥ Si(g). Assume now that
f(xi) = 0, but g(xi) 6= 0. Then g(x) 6= 0 on a neighborhood of xi, which implies
that f(x) = 0 on a neighborhood of xi, i.e., f ∈ Jxi . This implies that fei ∈ J(FT ).
Hence Si(f) = S(fei) = 0 in this case, in particular Si(f) ⊥ Si(g). This proves
that each Si is disjointness preserving. Finally to show that Si|Mxi
6= 0, we assume
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the contrary. Then S|KWi
= Si|KWi
= 0 and thus bounded, which implies that
T|KWi
is bounded, which contradicts that xi is singularity point of T . 
Remark 6. The above proof follows closely the proof of the Bade-Curtis theorem for
algebra homomorphism as given in [5]. There are however some subtle differences.
In the algebra case the operators corresponding to our Si are only shown to be
algebra homomorphisms when restricted to Mxi and no homomorphism properties
are know for the corresponding operator S. Moreover in most cases where the
theorems overlap the set FT = ∅. In fact if follows from Woodin’s results (see
[5]) that there are models of set theory (without the continuum hypothesis) for
which FT = ∅ for all algebra homomorphism defined on a C(X) space. On the
other hand on any infinite dimensional C(X) space there are many discontinuous
disjointness preserving operators, as indicated in the first part of this paper. The
above theorem should also be compared with the result of Jarosz ([7]), who studied
disjointness preserving linear operators between C(K) type spaces, but a major
difference is that Jarosz’s decomposition is done on the range side, while in our
approach everything takes place at the domain side of the operator.
It is natural question to compare the decomposition of this section with the one
from the previous section. Let T : E → F be a disjointness preserving operator
and assume that E is a Banach lattice with order continuous norm. Then by the
corollary to Theorem 3.4 we can decompose T as T = R+S, where R is a bounded
disjointness preserving linear operator, which agrees with T on an order dense ideal
(so that S is zero on an order dense ideal). Let 0 < u ∈ E. Then by Kakutani’s
theorem Au is lattice isomorphic to C(K) withK compact and Hausdorff. Then the
restriction T|Au of T to Au can then by Theorem 4.3 be written as R1 + S1, where
R1 is continuous with respect to u-relative uniform convergence. In particular R1
is an order bounded disjointness preserving operator which agrees with T on an
order dense ideal of Au. From this it follows by order continuity of the norm that
R agrees with R1 on Au. In case the norm on E is not order continuous we could
hope to prove the same for u ∈ IT , where IT denotes the norm closed order dense
ideal in E on which we can decompose T as R + S. The above argument breaks
down however as the norm closure of the order dense ideal given by Theorem 4.3
will remain a proper closed ideal in Au and we can’t prove that the extension of T
to the algebra B introduced in the proof of Theorem 4.3 is continuous with respect
to the norm of E. Summarizing the above discussion we have the following result.
Theorem 4.4. Let E and F be Banach lattices and assume E has order continuous
norm. Let T : E → F be a linear disjointness preserving operator. Let T = R+ S,
where R and S are as in Theorem 3.4. Let 0 < u ∈ E. The restriction T|Au has by
Theorem 4.3 a decomposition R1 + S1. Then R1 = R|Au and thus also S1 = S|Au .
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